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I. INTRODUCTION

I
NTELLIGENT transportation systems, and in particular Traveler Information Systems, have the potential to optimize transit trips according to user preferences and restrictions. Indeed, a number of systems have been proposed and are daily used by millions of transport users worldwide, such as Google Maps 1 and Moovit. 2 Nevertheless, although there has been a constant push for improving algorithms that predict trip time or comfort, there has been comparatively little effort on estimating the current margin for improvement that such algorithms can attain at scale and in naturalistic settings. It is possible that present systems are already close to a performance ceiling given the actual choices available in a city. In other words, it is possible that transit users typically choose their optimal trips in their routine. If this is the case, there may be more efficient uses of research and development efforts than trying to improve the effectiveness of Traveler Information Systems. If the contrary is true, it would be useful for the operators and community to have user-centric information (e.g. [1] ) in order to understand to what degree different types of routes, moments or users have inefficiency in the trips taken by passengers as part of their daily travel behavior.
In this context, the present work contributes to fill two gaps in the literature. First, it performs a citywide analysis of the efficiency of choices made by bus users in the transit system of Curitiba, a 1.8M-people city in Brazil. Efficiency is measured as how close choices made by transit users are to the optimal choice available for their trip with respect to trip duration. This analysis leverages historical data from the whole of the bus system, integrated with ticketing and schedule data.
The second contribution of this work is related to documenting and addressing difficulties for integrating and leveraging historical transport data to perform one such analysis. Irrespective of recent advances in the availability and formats for sharing transport data between transportation companies and the government or citizens, the formats and inconsistencies presently prevalent in historical transport data pose a number of challenges for (i) examining a transport system at trip level using vehicle location data, (ii) estimating boarding position when automatic fare collection data is available, and (iii) inferring user trip destination from the combination of vehicle location and ticketing data. This work documents and discusses these challenges as observed in data from multiple cities, puts forward open solutions to these challenges, and evaluates such solutions.
The remainder of this paper is organized as follows. Section II describes the three data sources used in this work and the challenges usually present on the integration of these data sources. Section III details the Curitiba bus system and the data collected to be used in this work. All solutions used to solve data integration challenges are detailed in Sections IV, V and VI. Our experiment to quantify inefficiency in user trip choice and its results are presented in Section VII. Section VIII reviews previous works. Finally, conclusions and future directions are discussed in Section IX.
II. TRANSPORT DATA SOURCES AND INTEGRATION
Considering bus systems, three data sources are most often available in different cities: (i) routes and schedules for bus operation, (ii) automatic vehicle location either at a moment or historically, and (iii) automatic fare collection data informing when transit users boarded and sometimes left vehicles. In the following, we describe formats and other characteristics of each data source, and discuss challenges in integrating data from multiple of these sources.
A. Transit Routes and Schedule
The de facto standard for the description of transit routes and schedule is the General Transit Feed Specification 3 (GTFS), which defines formats for files to be provided by an operator or authority to describe transit supply at three levels. First, routes describe meta-information such as route name, transit mode, textual description, and the operator of the different services. Predefined bus tracks then capture variations of a service over a given route represented by shape linestrings. The shape linestrings are of two types: complementary shapes that must join other shapes to form a complete route; and circular shapes that describe a complete route. The third level described in GTFS is the stop times, which describe the time at which, during a trip, a bus is expected to stop at reference locations. In addition to this description, the location and metainformation of bus stops are typically also specified, and GTFS files from a city normally specify system operation in different situations, such as weekdays and weekends, or public holidays.
Among the data sources considered in this work, GTFS is by far the most often available. Since public transport systems must adapt and evolve according to multiple factors, GTFS information in a city must be dynamic. Naturally, there is often some delay for the information available in GTFS files to reflect operational changes.
B. Vehicle Location
Automatic Vehicle Location (AVL) systems typically track the position of the fleet providing public transport in a city using the Global Positioning System 4 (GPS). GPS devices on buses send data to a server that is commonly able to construct a real-time view of the system, as well as to create a historical record of vehicle movement.
The data made available to transportation system authorities normally contains, for each message sent by a vehicle, a timestamp, the vehicle id, coordinates, and sometimes the route associated to the ongoing trip. The periodicity of data transmission from the vehicles to the server often uses a value in the order of dozens of seconds. In the city we consider in this work, this amounts to around 100MB of GPS data in an ordinary day.
In our experience with multiple large cities in Brazil and Europe, AVL data normally contains no reference for the shape or schedule of the ongoing trip the vehicle is performing. In other words, there is no key to directly associate a bus on a trip with a trip in the GTFS schedule or with a trajectory among those that comprise a route. This association is further complicated by the fact that sometimes vehicles deviate from prescribed trajectories. This may happen for example due to a traffic change or to an emergency. Such unexpected trajectories are also coupled with two other sources of error: frequent missing data due to network transmission faults, and imprecision in vehicle coordinates due to instrument measurement error.
C. Fare Collection
A third data source often available for public transportation operators is that from Automated Fare Collection (AFC) systems. These systems collect data from boarding and sometimes alighting of passengers on each vehicle. The most common system is one where passengers only tap in their Smart Cards at boarding time (Entry-Only). For each card tap, AFC records contain at least a timestamp, card id, and vehicle id. Because some of this data may lead to identifying a transport user, this data is normally not publicly available. Also, in our experience with two AFC systems, there is no explicit link between the AFC data and the GTFS specification. To understand which trip in a schedule had more passengers, one must integrate fare data and schedule information with vehicle location data.
D. Challenges in Data Integration
Integrating the three data sources described in this section allows for a number of important analyses and applications. For example, it is possible to evaluate the adherence of operation to schedule, to quantify experienced delays, and to create detailed origin-destination matrices.
Nevertheless, there are a number of nontrivial challenges in integrating the three data sources. First, the different data sources do not explicitly reference each other and it is therefore impossible to make straightforward data merges. This creates a difficulty if one intends to evaluate alternative trip options (from the schedule data) for a passenger that boarded at a given vehicle (from the AVL data), for example. This difficulty is amplified by the fact that the system generating the data is dynamic, and by measurement errors at different levels. If a bus trajectory changes or traffic mandates a trip to deviate from its prescribed trajectory, this is reflected with different delays in vehicle location and schedule data, creating a mismatch. AVL faults and errors also complicate matters.
It is worthwhile to mention that the challenges discussed here are amplified if one is performing a citywide analysis instead of the analysis of a controlled and limited portion of the transportation system. Dealing with the citywide system includes a number of different types of routes and schedules, and multiplies corner cases and exceptions. Also related to scale, the sheer volume of the data poses challenges for its analysis. In the 1.8M-citizen city analyzed in this work, a month of vehicle location and fare collection data amounts to approximately 4.5GB. Efficiently analyzing such data volume for larger periods or with detailed methods calls for parallel algorithms.
III. THE CURITIBA BUS SYSTEM
This work uses routes and schedule (GTFS), AVL and AFC data from the bus system of Curitiba, a 1.8M-inhabitant city in southern Brazil. This section details the transport system of Curitiba to contextualize our analyses.
Besides its relevance as one of Brazil's largest cities, 5 Curitiba has also been a reference in Brazil for its bus system, which has pioneered a number of innovations. One of such innovations is an open transportation data service that provides updated GTFS and real-time AVL data for citizens. The municipal urban planning agency (URBS) also gracefully provided AFC data to be used for research purposes in the context of the Brazil-Europe joint research project in which this work was conducted.
The bus system of Curitiba has a fleet of 1,290 vehicles that serve 1.5M passenger trips on a daily basis. The service performs over 23,000 bus trips a day and covers the metropolitan area of Curitiba including nearby districts. The GTFS data from Curitiba describes 250 routes, each comprising one to six different trajectories depending on day and time. These routes have 6,932 stops of two types throughout the city: ordinary and transfer stops. The GTFS data is usually updated every six months.
AVL data was collected through a scraper using the URBS API, and amounts to 100MB in an ordinary day. Each record sent by a vehicle contains a timestamp, vehicle id, route id as well as latitude and longitude coordinates. The data contains vehicle location every 20 seconds.
The AFC data used consists of the timestamp, card id and vehicle id of each boarding using a smart card in Curitiba. The URBS website reports that 60% of boardings are paid using cards. An important limitation in this data is that there are no records of passenger alighting. A second limitation is created by transfer stops: in Curitiba, users must tap in their cards to enter this type of stop, but not to board on a bus from it. Thus, when a user boards on a transfer stop, the data provides no vehicle id.
The data used henceforth in this paper encompasses of 51 days between April and July 2017. Such days are not necessarily consecutive, and were selected by the joint availability of AVL and AFC data. The total volume of our data is 6GB.
IV. MAP-MATCHING AVL AND TRANSPORT SHAPES
Integrating AVL (GPS information) and GTFS data demands identifying, for each vehicle in the AVL data, which of the shapes in the informed route the vehicle has followed. As mentioned in Section II-B, the data made available by the transportation system authorities does not contain information about the route shape or trip identifier for a bus. Due to this missing link, it is infeasible to directly integrate GPS and GTFS data. It is thus necessary to use (i) a vehicle trip generated by a sequence of coordinates reported through GPS, and (ii) a route id, to identify a bus trajectory among a set of shape candidates. 5 https://www.statista.com/statistics/259227/largest-cities-in-brazil/ Fig. 1 . Example of a route containing two shapes representing two predefined tracks. Each track starts at a different point, and thus leads to a different sequence of bus stops to be followed by the bus on the route.
Matching such sequences of points is a well-known task in the field of Geographic Information Systems called mapmatching [2] . In its most common formulation, map-matching aims to identify the segments of a street graph that represent the true state of noisy position observations such as those coming from GPS [2] . In this context, the literature usually considers that there exists only one shape (in our case one predefined bus track) per route (e.g. [3] - [9] ). This literature has addressed the problem through several techniques to identify the trajectory performed by a bus among a set of candidate tracks using sophisticated map-matching machine learning techniques.
Nevertheless, to the best of our knowledge, no technique has addressed how to efficiently match noisy position observations to multiple shapes that have different starting geo-points. Figure 1 shows an example extracted from the Curitiba GTFS specification where this problem arises: there are two shapes describing tracks with the same direction that a bus from route 022 may follow during the day. Similar settings happen in other routes amounting to up to six shapes, and we have observed similar multiplicities in the specifications of other cities such as São Paulo (Brazil) and New York (USA).
Most of the state-of-the-art techniques are able to detect whether or not the bus in our example is performing route 022. However, none of them are able to indicate if the bus in this setting is performing a track starting from point A or B. This renders it impracticable to integrate bus trips matched by such techniques with scheduled trips in GTFS or to use predictive models to estimate the time a bus will arrive at a given stop, as it may indeed be performing a trajectory that will not pass through that stop.
We address such an issue proposing a novel unsupervised technique called BULMA (BUs Line MAtching) that is capable of matching a bus trajectory with the "correct" shape (or track) when there exists multiple shapes for a route.
A. Problem Definition
We consider a set B of buses such that for each bus b ∈ B a sequence g b = (g <b,1> , g <b,2> , . . . , g <b, p b > ) of measurement points is given, with g <b,i> consisting of the latitude, longitude, timestamp and route identification of i -th georeferenced consists of the latitude, longitude and route identification of the i -th shape point. In the context of bus trajectory identification, each bus is assigned to one or more routes and each route has one or more shapes. Let R be a set of predefined routes such that r i = (r <i,1> , . . . , r <i,q i > ) represents the sequence of coordinates for each route i ∈ R. Note that there are ς predefined shapes, i.e., ς = |R|.
To map-match the shapes and the GPS sequences of buses, we are given the label l γ for b ∈ B , where B ⊂ B is a subset of the buses and l γ ∈ S denotes the ID of the shape followed by bus b . The task is to identify the label l b for all b ∈ B .
B. BULMA: The Bus Line Matching Technique
Our BUs Line Matching technique, BULMA, is based on the intuition that all trips performed by a bus during a certain day can be treated analogously to a DNA chain (i.e., Deoxyribonucleic acid studied in Biology) in the context of multiple sequence alignment [10] . For example, as depicted in Figure 2 , GPS data of all trips performed by a bus during a certain day can be seen as a DNA chain while shape1 and shape2 as sequences of DNA to be matched within the DNA chain. In this example, shape1 fits better within the GPS sequence than shape2 because shape1 covers the largest part of the GPS sequence. BULMA builds on this idea and makes use of map-matching strategies to solve this optimization task.
The two main strategies utilized by BULMA are blocking (indexing) and the shape election process. The two strategies are described as follows.
1) Blocking Strategies: blocking (or indexing) avoids applying the map-matching technique on the Cartesian product (O(n 2 )) involving all input shapes and GPS data. Blocking techniques reduce the search space and thus lessen the workload caused by the Cartesian product execution while maintaining the map-matching effectiveness. Such techniques work by partitioning the input data into blocks of bus trajectories sharing some attribute(s) (e.g., the route identifier) and restricting the map-matching process to compare bus trajectories and shapes sharing the same block index. For instance, it is sufficient to compare bus trajectories and shapes that share the same route identifier. 6 Besides the usage of the route identifier as a blocking key, we also consider the starting and ending points of the bus trajectories together with a maximum distance radius threshold as a secondary blocking key. The use of this second blocking key is straightforward in the sense that it provides robustness on blocking similar shapes without suffering a considerable influence of noisy, missing or sparse GPS data along the (GPS) bus trajectory. Applying this blocking strategy further reduces the workload caused by an excessive number of comparisons.
The maximum distance radius threshold is a buffer region which indicates if the starting and ending points of a shape match, respectively, the starting and ending points of a (GPS) bus trajectory. It is calculated as follows:
where T D is the traveled distance value calculated using the last shape point, #shape_ poi nts is the number of points existing in a certain shape and φ P S R is the percentage of shape reduction in which the distance between two consecutive points of a shape is still considerable for detecting the starting or ending points of a bus trajectory.
2) Finding the Correct Shape: the BULMA algorithm is detailed in Algorithm 1. As input, BULMA receives the content of three files. The first file contains the list of routes R (extracted from the GTFS), the second one contains the list of GPS records G and the third one contains the list of shapes S. The algorithm consists of three steps: candidate shape selection (step 1), candidate shape election (step 2), and trips labeling (step3).
Step 1 (Candidate Shape Selection): In this step, BULMA iterates through the list of GPS points of each bus b and selects the nearest starting and ending GPS points according to the (second blocking key) starting and ending points of the shapes that belong to the (first blocking key) route followed by b (lines 14 to 29 of Algorithm 1). Afterwards, the candidate shapes are submitted to a shape election process (line 5).
Step 2 (Candidate Shape Election): In this step, BULMA first determines if the candidate shapes are complementary (i.e., shapes that must join other shapes to form a complete route) or circular (i.e., shapes that describe a complete route by itself). This is imperative to decide if multiple or single shapes must be elected. The decision is based on the largest distance between two consecutive points of each shape ld. In other words, if the distance between the starting and ending points of the shape is larger than ld, the shape is marked as complementary; otherwise, it is marked as circular. Next, BULMA performs a "best fit" procedure to map-match the sequence of shapes that covers the largest portion of the GPS sequence (of all trips) performed by bus b during the day (lines 30 to 45 of Algorithm 1). If during this procedure one or more trips do not match with any of the candidate shapes, such trips are marked as problematic. A problematic trip occurs due to
for each r ∈ R do 3: for each g b ∈ G r do 4:
// Sort the list of possible shapeLines in descending order 7: // according to the absolut value of first element of its list of Indexes 8: return out put; the presence of noisy, missing or sparse GPS data or to the application of an insufficient φ max_distance to determine the starting and ending points.
Step 3 (Trips Labeling): The last step of Algorithm 1 is concerned with labeling the trips with the selected shape(s). Since the output of BULMA is a set of lines containing the GPS points referenced by its closest shape point, in this step, BULMA associates to each GPS point the closest point belonging to the selected shape (lines 34 to 41 of Algorithm 1).
The example depicted in Figure 3 shows the strategies utilized by BULMA. We have GPS data produced by one bus for route 022, i.e., the bus trajectory. Clearly, most of the comparisons will correspond to a non-match result. As mentioned in Section 5.1, to eliminate unnecessary comparisons, Fig. 3 .
Example of BULMA execution for route 022 containing three candidate shapes.
we use blocking techniques. This is the case of shape 01 whose starting and endind points do not match with the starting and ending points of the considered bus trajectory. The threshold strategy (i.e., φ max_distance ) can reduce the search space in this step. Another strategy utilized is to select the shape, among the remaining ones, with the closest traveled distance (extracted from the last point of the shape) related to the real distance traveled by the bus (GPS). Thus, since the traveled distance of shape 03 is the closest to the real distance traveled by the bus, shape 03 is marked as selected.
C. Evaluation
In the following, we report on experiments to evaluate BULMA with respect to the trade-off between (i) map-matching effectiveness and (ii) efficiency (measured by execution time). Our baseline for this evaluation is BoRtech, a state-of-the-art strategy proposed by Raymond and Imamichi [8] . Bor-tech is a bag-of-words model which has been shown to perform similarly to approaches based on Convolutional Neural Networks to identify single-trajectory routes from GPS bus data.
Our experiments use a commodity machine with an Intel I7 processor with four cores and 16GB of RAM. Two datasets are used: DS-GPS which contains one day of GPS information (2016-10-30) from Curitiba, and DS-shapes which contains the GTFS specification from the same city. As a gold standard for the evaluation, ground-truth data was manually (visually) labeled by a human data specialist. This groundtruth data includes all the trips of nineteen routes performed by the buses of Curitiba on 2016-10-30. This gold standard contains 215 trips performed by 15 buses. These trips comprise 147 trips by nine buses on complementary shapes and 68 trips by six buses on circular shapes (as described in the subsection IV-B). Table I reports the results from our experiments. BoR-tech has shorter execution times than BULMA, as it employs no computation to treat the problem of multiple shapes for the same route. On the other hand, BULMA provides higher map-matching effectiveness than BoR-tech in TABLE I   COMPARATIVE TABLE OF COMMON CASES all cases. Since BULMA selects the best sequence of shapes associated with the entire trajectory performed by a bus during a day, it is able to optimize the "best fit" sequence of shapes according to the trajectory performed by the bus. In particular, there is a higher gain in effectiveness when using BULMA for map-matching circular shapes (as in the case exemplified in Figure 1 ). BULMA achieved an F-measure of 0.87 against 0.26 of BoR-tech for the circular routes. This result shows the lack of robustness of techniques that do not account for detecting the correct shape among multiple shapes that refer to the same route.
Overall, our evaluation points that BULMA is able to substantially increase map-matching effectiveness in comparison with state of the art, while having a moderate increase in computing time.
V. INTEGRATING BUS TRIPS AND BOARDING DATA
In order to measure the efficiency of trip decisions by transit users, another pre-processing step is essential to integrate all the information necessary to generate Origin-Destination pairs capable of characterizing travel behavior in the transport system. Since BULMA can associate the trajectory performed by a bus with its correct shape, the GPS information associated with the correct shape can be integrated with the bus ticketing data in order to infer the bus stop each passenger has boarded.
A. Challenges in Estimating Boarding Location
According to the results presented in Section IV-C, BULMA is able to provide high levels of map-matching effectiveness. Thus, since the GPS data along with its associated shape is provided (by BULMA) and the bus ticketing data is provided by the Curitiba municipality, the main challenge that remains is to figure out a strategy to properly associate each passenger to a bus stop according to its ticketing time.
B. BUSTE: The Bus Stop Ticketing Estimation
To solve this remaining challenge, we propose BUSTE (BUs Stop Ticketing Estimation). BUSTE is able to integrate bus ticketing data with the BULMA output (described in the previous section), by basically performing the following steps: i) read the input (i.e., BULMA output) and filter its missing values; ii) generate a time interpolation over the shapes based on the BULMA output; iii) position the bus stops over the interpolated shape; and iv) group the passengers boarding by each bus stop.
By this, BUSTE is able to provide an estimation of the number of passengers boarding per bus stop. The BUSTE algorithm is detailed in Algorithm 2 and proceeds in four steps: input processing (step 1), shape interpolation (step 2), stop points integration (step 3), and ticketing data integration (step 4).
Step 1 (Input Processing): In this step, the input files (i.e, ticketing, bus stops, BULMA output and shapes data) are processed and the BULMA output file is split according to the following attributes: bus code, shape id, and trip number. This means that the portions of the BULMA output file sharing the same information (bus code, shape id, and trip number) will be grouped together. This step is represented by the groupBULMAoutput function (line 2 of Algorithm 2). Thereafter, the generated groups will be used to interpolate the shape associated to each bus trajectory and to generate timestamps for all shape points (interpolation). addT ickets I n f ormations(bulma Out put Gr oup);
9: function interpolateShape(b) 10: shape ← b.shape; 11: for point ∈ shape. points do 12: if pr evious Point = null then 13: if b.contains ShapePoint ( point) then 14: pr eviousG P S Point ← point; 15: add Out put ( point); pr eviousG P S Point ← next G P S Point;
Step 2 (Shape Interpolation): This step consists in the interpolation of the shape and generation of the timestamps associated with the interpolated shape points. The shape interpolation is relevant because its larger granularity (compared with the GPS data) enables a higher precision of the timestamp associated with a certain bus stop position. Thus, the interpolateShape function (lines 9 to 29 of Algorithm 2) performs the timestamp association to all points (of the shape) between two pertaining shape points matched with the GPS points (according to the BULMA output). These timestamps are generated based on the distance and timestamps of previous and next GPS points. This action is implemented on the addMiddlepointsToOutput function (line 23 of Algorithm 2).
Step 3 (Stop Points Integration): This third step performs the integration between the bus stops and each BULMA output group. This is possible due to the shape interpolation step which in turn associates an interpolated timestamp to each shape point. Thus, the bus stops points can be associated to the shape based on the closest distance to a certain shape point. Then, the shape point timestamp can be interpolated to the bus stop point (line 5 of Algorithm 2).
Step 4 (Ticketing Data Integration): The last step consists in associating the tickets information to each line that contains a bus stop point (line 6 of Algorithm 2).
VI. ESTIMATING THE ORIGIN-DESTINATION MATRIX
To evaluate the efficiency of trip decisions by transit users, it is necessary to choose a set of Origin-Destination pairs that characterize travel behavior in the transport system. This data is often represented by an Origin-Destination (OD) matrix. This information allows the comparison of trips taken by users with the other options available at that time.
In our dataset, the boarding location of users of the AFS system is derived by BUSTE. However, because there is no alighting information in the AFC system in Curitiba, it is still necessary to apply a heuristic to estimate destinations in the OD matrix. This problem is known as Destination Estimation [11] , [12] , and our procedure for tackling it is detailed in the following.
A. Data Preparation
Our destination estimation focuses on daily OD, and considers only trips performed by passengers which had at least two boardings on a given day. This is necessary so that there is extra information besides an initial boarding to estimate alighting. Moreover, our processing ignores duplicate boarding entries, which seem to happen due to AFC system errors, and ignores boardings at transfer stations due to the lack of vehicle id in these stops. Moreover, we filtered out from BUSTE data records missing indispensable information, which may happen due to problems in URBS data collection (date, bus route, vehicle), or in the map matching procedure (trip number, bus stop id, and timestamp).
B. Destination Estimation
The basis of our estimation are two assumptions often used in the literature to estimate trip destination [11] , [13] , [14] . First, for each transport user, after the earliest boarding on a day, each subsequent boarding happens within a short distance of the destination of the previous boarding. Second, the earliest boarding location is the destination of the last trip.
One caveat in implementing such heuristics is that a boarding event from a user on a trip B may happen at a stop that is not on the trajectory of the bus taken by this user on the immediately previous trip A. In such cases, an additional heuristic is needed to decide which bus stop in the trajectory of trip A should be used as its destination. Our decision is made in two steps. First, considering subsequent trips A and B from a same user, BUSTE output data is used to find candidate (1) are part of the set of stops the bus vehicle taken in A went through, and (2) happen in the bus trajectory taken in A after the A's starting point. Second, the candidate destination stop closest to B's origin is chosen. If no candidate is found with a distance to B's origin equal or less than 1km, we consider that the heuristic is unable to estimate the destination of A. This 1km threshold is applied considering it as a limit on the reasonable walkable distance for commuters.
C. The Curitiba OD Matrix
Table II compares statistics of our estimated OD matrix with the daily numbers of trips, routes and stops taken from the GTFS. The OD matrix contains trips on approximately one tenth of all bus trips on a day, which ran on 80% of the routes and had starting or ending points on 61% of all stops in the city. Our estimated OD matrix contains a sample of roughly 0.1% of such trips. Figure 4 shows heatmaps of origins and destinations throughout Curitiba at different periods of a typical day. As in most large urban areas, earliest hours have a higher concentration of citizens commuting to the city center. At the end of the day, there is a higher density of trips ending away from the city center.
VII. EFFICIENCY OF PUBLIC TRANSPORT USAGE
With the OD matrix constructed by integrating GTFS, AVL and AFC data and the output of BULMA, we now focus on evaluating how efficient are the trip itinerary choices made by transit users in Curitiba. Our goal is to measure to what extent itineraries traveled by users are optimal with respect to the trip duration of alternatives available at their choice time.
More formally, at each moment a user goes from an origin to a destination, this choice is represented by (u, I ), where u is the itinerary comprising one or more bus trips taken by the user, and I = {a 1 , a 2 , . . . , a n } is the set of alternative itineraries available to the user for the same origin and destination at that moment, with u ∈ I . Let d s (a) be the duration of an itinerary alternative a according to the schedule, and The relative inefficiency in a user choice (u, I ) as it occurred is then: Intuitively, this metric measures how worse was a trip taken by a user, relative to the best alternative that occurred: an inefficiency of 2 means that there was an alternative trip which could have been completed in half the time of that taken by the user. This inefficiency is the compound effect of suboptimal decisions taken by transit users or by deviations between schedule and operation by the bus system. For example, traffic may cause a delay in a bus which according to schedule would provide the fastest trip between two points, and render an alternative itinerary the best choice. Our motivation is to gauge how far users are from the optimal choices that would be considered if complete schedule information and perfect trip time forecast were available. Doing so can give us a picture of how much improvement is needed in the system from these two perspectives. In addition to i o , we use two other measures of inefficiency for a given choice situation. To isolate the inefficiency that would be experienced if the user followed the best choice according to schedule, we define the system inefficiency as:
This metric is the ratio between the duration of the itinerary that should be the shortest according to the schedule and the itinerary that was the shortest among the alternatives. Finally, we define the inefficiency according to the schedule as
. When i c = 1, the itinerary chosen by the user was the best according to the schedule, and any inefficiency experienced is due to the system (i o = i s ). For simplicity, whenever we henceforth mention a itinerary that is shorter than an alternative, we mean that the former had a shorter duration than the latter.
A. Estimating the Optimal Trip Available
It follows from the previous definitions that to evaluate the inefficiency in an itinerary u chosen by a passenger in a situation (u, I ), it is necessary for us to estimate f o (I ). Searching for the itinerary with the shortest duration among all possible itineraries formed by combinations of bus trips and connections is an intractable task due to the combinatorial space it must traverse. We circumvent such difficulty by approximating f o (I ) in a two-stage search: a first step finds the three itinerary alternatives a 1 , a 2 , a 3 with the shortest expected itinerary duration between the origin and destination given the routes and schedule from GTFS. The second step uses BUSTE historical data to search which itinerary in the set I = {a 1 , a 2 , a 3 } ∪ {u} had the shortest duration according to historical data.
Our experiment uses Open Trip Planner (OTP) 7 to search for a 1 , a 2 , a 3 . OTP is an open source platform for multimodal and multi-agency journey planning that operates in our experiments using GTFS data from the municipality of Curitiba and street network data from Open Street Map. For a given origin and destination, OTP employs Multiobjective A and the Tung-Chew heuristic algorithm [15] to find the shortest itineraries considering the bus system, including connections, and walking, subject to some practical restrictions on number of connections and walking distances. To implement the possibility of finding alternatives around the start time t of u, we query OTP for itineraries from [t − 2 mi ns, t + 13 mi ns]. Such alternative itineraries are composed of one or more legs, whose transport mode can be either walking or transit. Thus, the itinerary duration is obtained by adding the bus legs duration found in historical data (BUSTE) to the estimated walking time. It is possible that an alternative itinerary is not found in the BUSTE data either because of our heuristics or because a bus trip did not occur. Only situations (u, I ) where |I | ≥ 2 are considered in our analysis.
On the one hand, using OTP allows us to make the search for the best alternative f o (I ) tractable. On the other hand, it is important to note a limitation in our approach. Because our OD matrix does not include boardings at transfer stops, it is possible that when estimating d o (u) we do not account for intermediate trips in u that were taken from transfer stops, and thus incur in some error estimating d o (u). OTP, in contrast, may suggest a trip that uses transfer stops. In this case, we may incorrectly infer that the user did not make the optimal choice and that d o (u) was longer than in reality.
One other source of imprecision in our data is diminished by restricting our analysis to situations where both Figure 5 displays the distribution of relative inefficiencies i o in the 81,370 user itinerary choices in our data. Overall, short itineraries incur in lower inefficiencies compared to longer ones. In 70% of the situations where a user chose an itinerary for a 10-20 min travel, the user took the fastest possible itinerary (i o = 1). In contrast, for 40-50 min itineraries, half of the time there was a inefficiency of 1.6 or higher. If i o = 1.6 in a 45 min itinerary, this means the user traveled for 45 minutes while there was an alternative that could be taken at that moment and would lead to a 28 mins trip. It is also apparent that for users traveling for 30 minutes or less, in most of the cases, the optimal option available is taken, whereas for longer itineraries, the majority of users could have taken a better itinerary.
B. Overall Choice Efficiency
The distribution of inefficiency values observed in the system operation irrespective of the user choice i s is shown in Figure 6 . Differently from i o , the itinerary expected to run faster according to schedule is outperformed by some other option most often when users are making shorter itineraries. For all itinerary durations, in at least 60% of the choice situations, the shortest itinerary according to the schedule was the shortest executed (i s = 1). For 40-50 min itineraries, this percentages amounts to 76%. Together, the observation that i o tends to have higher values for longer travels while i s is typically low in this same situation suggest the inefficiency experienced by users traveling longer not only happens more often, but also happens in a situation where the schedule is most often correctly performed by the system. It thus seems that in such situations there are user actions that lead them towards suboptimal travel times. 
C. User Choice and the Schedule
It is possible to further examine user choices for a subset of our data where we are able to confidently pair the choice u of the user with an itinerary in the bus schedule. This is true for 47, 059 user itineraries.
In such situations, it is possible to gauge how often users choose the itinerary that would be the shortest according to the schedule. In this case, u = f s (I ) and thus i c = 1. This is a situation that happens in 80-85% of the choice situations in our data, and happens similarly often for all itinerary durations. It is also worthwhile mentioning that when the user chooses the itinerary scheduled to perform shortest, i o = i s all resulting inefficiency happens due to system operation. Figure 7 shows the inefficiency of these itineraries. In general, users experience little inefficiency when they take the itinerary most recommended by the schedule. In 66 to 80% of the itineraries, i o = 1.
Focusing on the 15-20% of the situations where users deviate from the itinerary prescribed by the schedule, there are three situations we can discern: (a) the itinerary chosen u led to no experienced inefficiency and i o = 1 while that prescribed by the schedule had some system inefficiency (i s > 1); (b) the itinerary chosen u led to some experienced inefficiency (i o > 1) while the one prescribed by the schedule was the best alternative (i s = 1), or (c) both i o and i s are greater than 1 and there was some experienced inefficiency that is a compound of user and system inefficiencies we cannot discern. Figure 8 displays the proportion of choice situations where the user deviated from the best choice according to the schedule that happen as described in cases a (deviation was better), b (schedule was better) and c (compound). Interestingly, it happens often (39-60%) that users deviate from the schedule prescription and end up having the shortest travel time. For shorter itineraries, this happens more often. For 10-20 min itineraries it paid off to deviate from schedule in most of the observed choice situations where users did not follow the schedule.
Taken together, our results point that there is limited room for significantly improving the travel time of users of shorter trips in the bus system of Curitiba. For longer itineraries, it happens often that travel time could be considerably reduced if users took alternative options. These are indeed the situations where the system runs most consistent with the schedule, what suggests that helping the user decide would have an impact. Complementing these observations, our analysis points that users most often choose optimally according to the schedule. Even then, longer itineraries experience more inefficiency. Finally, in the situations where users deviate from schedule advice, it often happens that user choice outperforms such advice.
VIII. RELATED WORK
A. Map-Matching AVL and Transport Trajectories
Map-matching techniques tend optimize the speed for the numerical calculation of the matching and polling frequency of the location data. Most map-matching related work deals with high-frequency GPS polling, which is GPS routing commonly used by automobiles. Quddus et al. [2] provide a review of traditional high-frequency GPS polling map-matching techniques. Most of the techniques seem to have been designed considering Hidden Markov Models (HMM) using the Viterbi algorithm introduced by Hummel [16] . Lately, more sophisticated techniques capable of mapping noisy and sparse GPS sequences into road sequences have been proposed. Zheng [17] describes some of these techniques and how they benefit from the usage of HMM (eg. [3] , [4] ).
Regarding map-matching of bus routes, it is generally a trivial task to know where a bus should go. It consists essentially of following the bus assigned route and programmed arrival times when the bus is supposed to travel along that route. Buses may have to make detours for various reasons, but the general assumption is that they will follow their route. This simplifies the map-matching process from projecting onto a graph the linkage of a road network with the polylines as defined by the GTFS data. In this sense, Biagioni et al. [6] present a system architecture that estimates the route shapes depicted by the bus GPS traces aiming to map-match and complete trip prediction on the GPS points. Tan et al. [7] propose a method to improve the positioning accuracy by exploiting the information of speed bumps readily available in bus parking garages.
As mentioned in Section IV, none of the aforementioned techniques are able to deal with multiple shapes (with different starting geo-points) related to the same bus route. Nevertheless, the work presented in [8] is close to ours. It shows a method for inferring transit network topology from commonly available data feeds. It makes use of a Bag-of-Roads strategy which is a sparse vector containing the number of road segments traversed by a bus b, where its i -th element denotes the frequency of bus b traversing the road segments. Then, it selects the top-k nearest predefined routes according to the Euclidian distance and Cosine similarity. Their results show good performance using routing between the bus trajectory stops as a form of map-matching. Although Raymond and Imamichi [8] provide interesting techniques that are able to detect the "correct" route performed by a bus, their technique is also not able to deal with multiple shapes (with different starting geo-points) related to the same route (as exemplified in Section 1). In Section IV-C, we have showed experimentally their lack of robustness in treating the problem of multiple shapes referring the same route effectively.
B. Transit Usage Evaluation
Transit usage performance improvement is a common goal in Intelligent Transportation Systems. However, there is little research on techniques to evaluate the existence of inefficiency on the transit system. Even with availability of transit real-time information to help user decision making, there is no guarantee of significant gain, as reported by Hickman and Wilson [18] .
Origin-Destination Matrix Estimation, or simply Destination Estimation is a known problem. In the past, it was performed using surveys with passengers [14] , [19] . More recently, researchers have worked on using AFC systems data to estimate the flows of passengers through the city [13] , based on assumptions of passenger day trips sequencing and circularity. Validation is sometimes not feasible for this type of problem, as most of the current implementations of AFC systems configurations are Entry-only. The common approach is to verify how much of the system data is covered by the rules of the heuristics. The latest contributions to the field look to enhance the accuracy by applying different validation methods [11] or AI models [20] .
IX. CONCLUSIONS AND FUTURE WORK
This work leveraged GTFS, AVL and AFC data to estimate the inefficiency in trip times for trips taken in the bus system of Curitiba, a 1.8M-inhabitant city in Brazil. Data from these three sources was integrated in order to estimate historical records of trips as performed by buses, and to estimate an OD matrix for Curitiba. To accurately integrate the different data sources, we propose two map-matching techniques: BULMA and BUSTE. Our evaluation points that BULMA is able to increase matching effectiveness in scenarios where GTFS specifications define that a bus route contains multiple possible trajectories. The results from our analysis of inefficiency point out there is significant room for improvement in one third of the trips we can analyze from our data.
Our results have implications in two straightforward directions. First, the techniques and heuristics for data integration, map-matching and to increase data quality put forward in this work contribute to both the scientific community and practitioners. All solutions used in this work are available as open source software. Second, our results on inefficiency both provide a baseline for similar evaluations and motivate the need for Traveler Information Systems that can reduce the inefficiency in present trip choices.
It is important to note that inefficiency in the context of the public transportation system can be analyzed in several different forms and this work presents an effort in this direction that can and should be deepened. Our analysis considers inefficiency in terms of trip duration; future work may examine other aspects such as: vehicle load, walking distance and safety. Also, our baseline for the best alternative is that provided by OTP, whereas more sophisticated heuristics that account for user experience and preferences, such as using the commuters itinerary choices, could be considered.
Finally, one important aspect to consider when using the results of this work is, if all the users are to be informed of the best available alternatives for their trips, this might bring the whole system to a worse state than before, as proposed by the Braess Paradox, which states that building new roads can increase traffic congestion, as users tend to act selfishly in such situations and one itinerary which would be the best is now the worst. One possible solution is to recommend an option from the top-k alternatives rather than always recommending the best available option.
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